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Abstract

Analysis and measurements have shown anomalous behavior of ferrofluids in AC magnetic fields, whereby in
a rotating magnetic field the ferrofluid can be pumped but the flow direction can reverse as a function of magnetic field
amplitude, frequency, and direction. This anomalous behavior is investigated using the governing fluid mechanical linear
and angular momentum conservation equations including non-symmetric viscous and Maxwell stress tensors. Here we
examine a simple case where applied magnetic field components transverse and parallel to the duct axis are spatially
uniform and vary sinusoidally with time. The governing equations are numerically integrated to solve for flow and spin
velocity distributions. Numerical integrations show the highly non-linear and multi-valued solutions for flow and spin
velocities. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The motion of ferrofluid in a traveling wave magnetic field has been paradoxical as many investigators find
critical magnetic field strength and frequency ranges where the fluid moves opposite to the direction of the
traveling wave (backward pumping) while outside these ranges the ferrofluid moves in the same direction
(forward pumping) [1-6]. Under AC magnetic fields, fluid viscosity acting on the magnetic particles
suspended in the ferrofluid causes the magnetization M to lag behind a traveling H. With M not collinear with
H, there is a body torque density T = uo(M x H) acting on the ferrofluid even in a uniform magnetic field
when the magnetization force density along the duct axis is zero.
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2. Magnetic equations

The magnetization relaxation equation with ferrofluid undergoing simultaneous magnetization and
reorientation due to fluid convection at velocity v and particle spin at angular velocity e is [1,3-7]

oM 1
a+(v'V)M—wxM+;[M—XOH]=O, (1)

where 7 is a relaxation time constant and y, is the effective magnetic susceptibility which in general can be
magnetic field dependent but in this paper will be taken to be constant.

We apply Eq. (1) to a planar ferrofluid layer confined between rigid walls of width d. The imposed axial
magnetic field H, and transverse magnetic flux density B, are spatially uniform and are imposed on the
system by external sources. Because the imposed fields are uniform with the y and z coordinates, field
components can only vary with the x coordinate. Gauss’s law for the magnetic flux density and Ampere’s law
for the magnetic field intensity with zero current density then require the imposed fields to be uniform
throughout the ferrofluid, independent of x. The total magnetic field H and magnetic flux density B inside the
ferrofluid layer vary sinusoidally in time and are of the form

B = R{[By, + B.(x)i.1e}, H = R{[Ax)i, + H.i.]e'"}, B = uo(H + M). )
The magnetic force and torque densities are
f= HO(MV)Ha T= ,uO(MXH) = :uO(_Mtz + Msz)iy' (3)

Along the duct (z) axis, H, is uniform so that f; = 0. In the small spin velocity limit where (w,t < 1), the
approximate time-average torque density is
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Note that T, = 0 if either H, or B, is zero.

3. Fluid mechanical equations

In the negligible inertia, viscous dominated limit the flow and spin momentum equations with zero spin
viscosity reduce to

d?v, dw, Op do,
Ctmgz T2y —5,=0 —2c<dx+2wy>+<Ty>_0. (6)
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In the small spin velocity limit of Eq. (4) (w,t <€ 1) the approximate flow and spin velocity profiles are
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where 7.4 18 the effective viscosity [4-7]. Depending on the value of o, 1. can be positive, zero, or negative.
When 7. = 0, w, becomes infinite, violating the small spin velocity approximation.

4. Representative solutions for spin and linear velocities

Magnetic field amplitude, frequency, and direction cause the ferrofluid effective viscosity of Eq. (7) to be
different than the dynamic viscosity # of the carrier fluid. Here we consider two special cases of linearly
polarized magnetic fields either purely transverse to the duct axis so that |B,| = uoH,, |H.| = 0, or purely
parallel to the duct axis, [B,| = 0, |H.| = H,. To further simplify the algebraic analysis we consider the special
case when the vortex and dynamic viscosities are equal, = {. Then solving Eq. (7) for the parameter o of Eq.
(5) in terms of { = n and #. yields

4L — y Q1)? — 1 uoH?2 ~ N
o= 8C — Negr) _ XoT [(27) 2]2,uo 0 - 1B = uoHo, |H.| =0,
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Then solving Eq. (8) for Qt results in a fourth-order biquadratic equation
(Qo)* + b(Q1)> +¢c=0 )

with solutions
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|Bx| = 03 |ﬁz| = HO' (10)

The non-dimensional frequency @ versus  for various values of positive, zero and negative 7. is plotted in
Fig. 1 for the case of a purely axial magnetic field so that T, = 0. Solutions for negative 7.4 fall in a region
between the positive viscosity solutions. Note that for a given & and positive 7. that there are two possible
values of  while for a negative #j.;; there is only one possible .

Once values of { and fj.; are chosen, the value of frequency @ is determined from Fig. 1. To determine the
spin velocity spatial distribution by numerically integrating Eq. (6), it is useful to realize that when T, = 0
that w, is an odd function of x — 0.5d so that w, (x = 0.5d) = 0 while v, is an even function of x — 0.5d. Then
Eq. (6) can be solved for spatial distributions of spin velocity by Runge-Kutta numerical integration from
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Fig. 1. Solutions for an axial magnetic field, |B,| = 0, |H.| = H,, with y, = 1 and 0p/dz = poH3/d of non-dimensional frequency @ = Q¢
as a function of non-dimensional vortex viscosity = 2{/(uoH3t) for various positive, zero, and negative values of fjeee = 2er/(tto H1).
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Fig. 2. Representative non-linear and multi-valued non-dimensional spatial distributions of spin velocity, @, = w,7, and linear velocity,
b, = v.t/d, with Qt = 10 for various positive, zero, and negative non-dimensional values of ;e = 21ee/(1t0 HET).

, (x = 0.5d) = 0 to yield non-linear and multi-valued solutions near x = 0.5d as shown in Fig. 2. The flow
velocity distribution, ., can then be numerically determined from Eq. (6) as a function of @, and is also
parametrically plotted as a function of X = x/d in Fig. 2. The essentially parabolic like profile is similar to
that of usual Poiseuille pipe flow, but with magnetic field dependent effective viscosity. These multi-valued
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solutions are probably non-physical due to the assumption that the spin viscosity is zero. However, they do
point to the possibility of unusual flow behavior.
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