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Previous models of plane-Poiseuille flow of ferrofluids in alternating and rotating magnetic fields
are extended by including the effects of spin diffusion and planar Couette flow. Accurate modeling
of this problem is required for the design of experiments to determine key parameters for previously
reported anomalous forward and backward ferrofluid pumping behavior in alternating and rotating
magnetic fields. The previously derived zero-spin-viscosity analysis predicted multi-valued and
singular flow solutions with possible zero and negative effective magnetoviscosity. This analysis
calculates analytical expressions for the translational and spin velocity profiles, vorticity profiles,
volumetric flow rate, and the shear force on a moving duct surface, comparing the effects of
boundary conditions of zero spin velocity and spin velocity equal to half the vorticity at the duct
walls. The analysis shows that the single singularity in flow behavior corresponding to zero
magnetoviscosity in the zero-spin-viscosity analysis expands to multiple possible flow singularities
for the nonzero spin viscosity case. Simple representative shearing experiments are proposed to
differentiate between the zero and nonzero spin viscosity solutions, to calculate the values of key
viscous parameters, and to show how wall boundary conditions can be determined from shear stress
measurements. @002 American Institute of Physic§DOI: 10.1063/1.1485762

. BACKGROUND A. Governing equations

Recent analyses and measurements have shown anomla-
lous behavior of ferrofluids in ac magnetic fields, whereby in™
linearly polarized or rotating magnetic fields the effective  The basic equations governing ferrofluid flow are the
fluid viscosity can be increased or decreased and the flolinear and internal angular momentum equatiths?® and
direction can reverse against a pressure gradient as a functitine magnetization equatiort’ The linear momentum equa-
of magnetic field amplitude, frequency, and directtoh. tion for structured continua is derived from a macroscopic
This anomalous behavior can be explained using the goverinear momentum conservation statement and takes the
ing fluid mechanical linear and angular momentum conserform*t
vation equations including a nonsymmetric viscous stress
tensor. Past work along these lines has taken the spin viscos- p—=V-T+f, (1.1
ity to be zero’~° This work extends this past plane Poiseuille
ferrofluid flow analysis by examining the effects of nonzerowhere p is the mass density of the ferrofluid, the mass-
spin viscosity, different spin boundary conditions, and in-average velocity] the Cauchy stress tensor representing the
cluding the effect of relative motion of the parallel plateseffect of short-range “push—pull-shear” forces, such as
(Couette flow. pressure and viscous forces, ahdhe body-force density

We examine simple cases where the applied magnetitield, representing the effects of long-range “action-at-a-
fields along and transverse to a duct axis are spatially unidistance” forces, such as gravity and magnetization forces.
form and vary sinusoidally with time with either linear or Equation(1.1) is written in terms of the convected or “La-
elliptical polarizations. In the uniform magnetic field, the grangian” derivative of fluid mechanics,
magnetization characteristic depends on fluid spin velocity D 4
but does not depend on fluid flow velocity. The magnetiza- —=—+v-V, 1.2
tion force density along the duct axis is then zero while the Dt 4t
magnetic torque density is nonzero as magnetization andhered/dt denotes the local or “Eulerian” temporal rate of
magnetic fields are not collinear due to Brownian an@INe change.
magnetic relaxation processes as well as due to the effects of The internal angular momentum equation is similarly de-
fluid spin. rived from a macroscopic angular momentum conservation

Linear and internal angular momentum equations
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statement, coupled with the moment of the linear momentunment of the magnetic domains in the partjclhe relaxation
equation. The resulting governing equation for isotropictime constantr in (1.4) is related to the Brownian and Kl

spherical particles 13 time constants as
Dw 1 1 1
pk—=—=V-C+T,+I, (1.3 —=—+— (1.7
Dt T T8 TN
where k is a scalar moment-of-inertia density, is the so- We have performed preliminary viscosity measurements

called spin-velocity of the suspensio@, the couple stress with IsoparM based ferrofluid #,=0.03 Nm 2s) using
dyadic, representing the effect of the short-range transport ahagnetite particles with diameters of order 8 nm. For
intrinsic angular momentun, . the antisymmetric vector of this ferrofluid (1.5) and (1.6) predict thatrg~5x10 %—5
the Cauchy stressT(,= —e: T, wheree is the unit pseudo- x10° s and ry~4x10 °-2x10 % s (at 300 K and
isotropic triadig, andl is the body-couple density field, rep- using* f,=10° Hz andK,=23,000 Jm?3). For a sample
resenting the effect of the “long-range” transport of intrinsic IsoparM ferrofluid with particle diameters of 15 nm the
angular momentum. An important implicit assumption in thecombined relaxation time constant is ther 10™° s [using
linear and internal angular momentum equations as writtefil.5—(1.7)]. This value for the relaxation time constant will
here is that the polarized substructure behaves as a rigige used as a representative value in all subsequent calcula-
body, meaning the magnetic particles comprising the ferrotions.
fluid are supposed to behave as rigid particles.

3. Constitutive equations

Constitutive equations are required for the dynamical
quantitiesf andl, the rheological quantities andC, as well
The magnetization equation is a phenomenological eque2s for the equilibrium magnetizatiod ;. For incompress-
tion describing the behavior of magnetic particles suspendetple ferrofluids, the body-force density is composed of mag-
in a nonmagnetic medium. The magnetization vedfoof ~ netic and gravitational contributions and takes the férm
the pgrticles, in_thesEuIerian frame, changes according to the f=pg+ uoM-VH, (1.8
following equationt

2. Magnetization equation

" . where g is the gravitational field vectoru(=47x10"’

J Henries/meteris the permeability of free space, aHdis the
—+V: =wXM—-—(M-— . T ) ' : )
ot V-(WM)=wxM T(M Med), (1.4 magnetic field in the suspension. Should the magnetic fluid

where the first term on the right-hand side represents changgg compressible, magnetostriction terms would also be

in magnetization due to “rotation” of the magnetized presentin(1.8)," but in th_e angly_si; treated in _this paper we
particles® and the second term represents change in magng_ssume that.thg magnetic fluid is mcompressn?le. The body-
tization towards an “equilibrium” magnetizatioi ¢, via couple Qensny_ls (?ommonly assumed to consist solely of a
various “relaxation” processes, with combined time constant1agnetic contribution, and takes the form

7. Equation(1.4) reduces to the form given by Rosensweig l=uoMXH. (1.9

(1997 for an incompressible ferrofluid. The second term . . . .
) . However, we note that for particles with an anisotropic mass
on the left-hand side properly accounts for the convective

flux of the per-unit-volume material propery. distribution a gravitational body-couple will result in

7,18
The commonly accepted relaxation processes for pract@enerall' we chopse o neglgct these effects here._
From a rheological standpoint, ferrofluid suspensions are

cal ferrofluid suspensions are rotational Brownian motion, S .
i o interesting in that they are a commercially relevant example
with characteristic time constant

of systems characterized by an asymmetric state of stress at

Mo the suspension scale. Thus, in its simplest form, the Cauchy
PKT’ (1.5 stress field is described by a symmetric component, com-
monly described by a Newtonian model, as well as an anti-
symmetric component representing transport of angular mo-

TB:3V

and Nel relaxation, with characteristic time constant

1 KaV,p mentum between the internal and external mddés!*
TN:f—EX K , (1.6 T
0 T T=—pl+5[Vv+ VYV ]+ N (V) + e (VXV—2w),
whereV, is the magnetic particle’s volume, is the viscos- (1.10

ity of the carrier fluidk~1.38< 10 2% JK ! is Boltzmann’s wherel is the idemfactofunit isotropic dyadig, the termp
constant,T is the temperature in degrees Kelvi, is the  represents the hydrostatic pressure contribution, and,
anisotropy constant of the single-domain uniaxial ferromagand{ are the coefficients of shear, bulk, and vortex viscosity,
netic magnetic particle, andf, is a normalization respectively.

frequency* In Brownian motion the particle magnetic mo- Ferrofluid suspensions are also interesting because the
ment is fixed to the particle and tries to align with the localdiffusive transport of internal angular momentum may con-
magnetic field by particle rotation, while for Kerelaxation tribute to the flow behavior. This effect is described by the
the particle magnetic moment rotates to align with the locakouple stress dyadi€, commonly given the constitutive
magnetic field without particle rotatiofthrough rearrange- form'®
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C=7'[Vo+Ve'|+\ (V- -w)l, (1.1 Dw
pKD—Z,uOM XH+2L{(VXVv—2w)+(7n'+\")VV-@
wheren’ and\’ are the shear and bulk coefficients of spin t

viscosity. The coefficients;, A, ¢, 77.’, and\’ are required + 7'V, (1.17
to be positive, in accordance with the Second Law of M 1
i 220
Thermodynamics: o _ — 4+ V-(VM)=w0XM—=(M—xoH), (1.18
The equilibrium magnetization vector is generally de- ot T

scribed by the Langevin equation. In the low magnetic fieldyhere we have absorbed the gravitational force contribution
limit, the magnetization is approximately linear with with  ntg the dynamical pressufe,

constant magnetic susceptibiligy,
p'=p—p(rg), (1.19

Meq=XoH, 12 . . . .
o . with r a position vector with respect to an arbitrary origin
where o is, in general, dependent on suspension composithis js appropriate for flows with constant mass dengity
tion and temperature, as well as particle and suspending fluig,, gravitational fieldy. These three vector equations, in

pro_perties.'This relation is given explicitly for weakly inter- 4qgition to the continuity equation, govern the dynamical
acting particles by behavior of isothermal ferrofluids.

1 puoMpV,y

) . . . 5. Boundary conditions
where¢ is the volume fraction of magnetic particles avig,
is the magnitude of the particle-locked magnetic dipole mo-  In principle, all that is required to solvé.16—(1.18) for
ment density. This low magnetization limit is appropriate @ given flow situation is a complete set of boundary condi-
when the Langevin parametes is much less than unif@ tions. The linear momentum equation requires an initial con-

dition and two vector boundary conditions, commonly ac-

_ #oMpHV, cepted to be the same as in classical fluid mechanics, i.e., the
L= <1. (1.19 - i "
kT no-penetration and no slip boundary conditions:
In essence, this requirement provides a maximum applied n-||v||=0, (1.20a
magnetic field for which(1.12) is applicable.
As the magnetic field increases, more of the magnetic  nX||v||=0, (1.20b

gz;t:ﬁlrizt:g%g Z\vggttﬁzt:ﬂwﬂte” égfrergZg;‘g;:]zgaif%;’\iﬁgogﬁheren is the unit vector normal to the boundary in question
o . - . nd||v|| represents the jump in the mass average velocit
the body-locked magnetic dipoles collinear with the field. [IVl] rep Jump g y

This magnetically saturated limit is given by a relationshi Ofacross the boundary. We note that previous studies have
the formg y 9 y P O%shown that slip velocities inversely proportional to a “fric-

tion coefficient” are possible in flowing suspensidAsThis
Ms=dMpiy, (1.15 is equivalent to Lamb’$ classical assumption that slip
o ) ) o ~would be opposed by a tangential force. However, as the slip
whereiy is a unit vector in the direction of the magnetic field «riction coefficient” is inversely proportional to particle ra-
H. For suspensions with polydisperé, a suitable en- iy these effects should be negligible in ferrofluid flows.
semble average is required {@.15. _ Other work* has independently shown that such slip veloc-
_For the IsoparM based ferrofiuid with magnetite par-jry, effects are of the order of the ratio of particle and mac-
ticles (M,=4.46x10° Am~)™ and diameters ranging roscopic linear dimensiof€O(I/L) with | the characteristic
from 816 nm, the magnetic susceptibility at room temperaparticle radius and the characteristic macroscopic linear
ture predicted by(1.13 varies from 0.5-4.3. For this par- gimension of the systemAs such we neglect translational

tif:ular ferrofluid with particle diameter of 15 nn({L.l;’) slip effects and choose to apply.20 as the boundary con-
yields xo~3.5 and(1.14) yields uoH<52 G as the criterion  giion for the translational velocity field.

of applicability of(l._12). These representat_ive values will be As with the translational velocity field, the equation de-
used subsequently in our sample calculations. scribing spin requires an initial condition, as well as two
vector boundary conditions. The appropriate boundary con-
ditions for the spin field, on the other hand, are still a subject
4. Coupled translational velocity, spin velocity and of debate"***~**However, because most analyses of ferro-
magnetization equations fluid behavior neglect the effect of “spin-diffusion” by set-
ting »'=\"=0, thereby reducing the second-order internal
angular momentum equatioft.17), to zero order and thus
not requiring any boundary conditions on the spin fiedd,
Dv the spin-boundary condition has not received as much atten-

Introducing the constitutive relations embodied 1n8)—
(1.12 into the governing equationd.1)—(1.4), we obtain

Por =~ VPt roM-VH+2{VXw+(7+A={)VV-v  tion as the translational velocity boundary condition. Various
possibilities are imaginable, depending on assumptions for
+(p+ )V, (1.19 the particle/wall interaction effects. In this contribution we
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analyze two of these possibilitie$i) The “spin—no-slip”
boundary condition andii) spin—vorticity matching at sur-
faces. Spin—no-slip:

n+||e||=0, (1.21a

nX||w|| =0, (1.219

corresponds to the assumption that particle/wall interaction
are so strong that no relative spin between the two is

possiblet®28 Spin/vorticity matching:

C. Rinaldi and M. Zahn

when solving a given problem. Explicitly, the scaled quanti-
ties in(1.23 are related to the original quantities(ih.16) by

v=v/U, V=LV, p'=p/II', M=M/M,

A=HH, @=w/Q, T=tir,. (1.24

We have introduced two well known dimensionless fac-
fors in (1.23: the Reynolds number,

pUL,

Re= , (1.29
n

(1.22 representing the relative magnitudes of diﬁusivﬂJlLﬁ,
and convectivepU?/L,, momentum transfer, and the Strou-
corresponds to the assumption that antisymmetric stresséal number,
vanish at the walt>?® A linear combination of these bound- Ur
ary conditions is possible and is discussed in Aetral?® L -,

(1.2

representing the relative magnitudes of the convective time

] o ] ] scale,L, /U, and the characteristic time of velocity varia-
Practical application of the governing equations embodyjgns - .21
1 iy

ied in (1.16—(1.18 generally requires substantial simplifica-

tion based either on symmetry arguments, to reduce the num-

ber of equations and eliminate terms identically, or ons gcajed internal angular momentum equation

scaling, to eliminate terms asymptoticailyHere we focus

on scaling of the equations. The objective is to make the The internal angular momentum equati¢f,17, may
magnitude of all nondimensional variables and their spatiaPe similarly scaled. The result is

[|w— 3V Xv||=0,

Sr=

B. Scaling of the governing equations

and temporal derivatives of order unity. A series of dimen- ( e . ~)
sionless parameters are defined in the process, which updre, ~+v-Vo
comparison suggest which terms could be neglected for a Sr,, dt
given problem. MHL2 £L2
In this section, we have chosen to scale the spatial di- —[ %0 “o| & XH+2 _“’) (—VXT/—ZZ))
mension differently i1.16), (1.17), and(1.18 to emphasize 7' Q 7' J\QL,
the possibility that the field variables of interest (w, and S
M) may in principle vary over widely different length scales I (7" +A )@@,zﬁ@z;' 1.27

(L, for the characteristic length scale of velocity variations, 7'

L, for vgrigtiong in spin velocity andM for Variati.ons in the wherel , is the characteristic length scale for spatial varia-
magnetization field Subsequently in the analysis of Secs. Il tions in the spine.32 Two new scaled quantities have been

and Il we will assume that all three spatial scales are equal . L= -
(L,=L,=L,) and use the decorative symbot] to denote Introduced in these equationg, andt. These are related to

a field variable which has been properly scaled with respectthe original quantities irt1.17 by
V=L,V, (1.29

to its magnitudé?®

with 7, the characteristic time scale for changes in the spin
velocity. We have also defined two new quantities, directly
analogous to the Reynolds and Strouhal numbers. These are
the spin-Reynolds number,

t=t/ Tes
1. Scaled linear momentum equation

The scaled linear-momentum equatidnl6 is

10V -
RE<_—~+V°VV)
Sr dt

UL,
Re,=pxk—
'L, |~ MHL, | ~ —~ QL, Y
- - Vp | Bt VR 2 5)
nuU nuU U 7¢ Lo\ [ k7
= L_ - Re, (129)
oo~ NER—D oo £ er v\
X VXt 7 V| 1+ 77 Vv, (123 representing the relative magnitudes of diffusiv;é,Q/Lf),

and convective,pxQU/L,, transport of internal angular

whereU is the scale of the translational velocity, is the momentum, and the spin-Strouhal number,

characteristic length scale for spatial variationsvjnll’ is

the scale of the dynamical pressure fidltljs the magnitude = ur,

of the magnetization vectoH is the scale of the magnetic e L,

field vector, and is the scale of the spin field. All quantities

with a (~) are “scaled” quantities assumed to be of order :(i) (E)Sr (1.30
unity.3! This is, of course, subject @ posterioriverification Lo/\7) '
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representing the relative magnitudes of the convective time x
scale,L ,/U, and the characteristic time for spin variations,

Ty
Ferrofluid
L . d
3. Scaled magnetization equation Y, @
— y
y

Finally, the magnetization equation may be similarly

scaled, resulting in 7
i ﬂ_{_ iv )= 05X M _l v —XOHH FIG. 1. Combined plane-Poiseuille and Couette flows of a ferrofluid sub-
- &t_ L (VWM)=0e r M ! jected to time-varying magnetic fields along and transverse to the duct axis.
M M

(1.3)

where 7y is a characteristic time for variations in magneti- || pecULAR PERTURBATION SOLUTION OF THE

Zation, LM is the characteristic Iength scale for Changes |nMAGNET|ZAT|ON EQUAT|ON AND RESULTING
the magnetization vectorLg /U is a characteristic time MAGNETIC COUPLE

scale for convection of magnetizatiorand Q! acts as a o _
time scale for changes due to the rotation of the magnetiza- We apply the scaled magnetization equatidn3l), to a
tion vector via the spin velocity. The scaled quantif&sand planar ferrofluid layer confined between rigid walls of width

— - . d, as shown in Fig. 1. The imposed axial magnetic fidld
t are related to the original quantities (.18 by and transverse magnetic flux dendityare spatially uniform

V=LyV, t=t/ry. (1.32  and vary sinusoidally with time at radian frequerfey. Be-
cause the fields are uniform withand z coordinates, field
components can only vary with thecoordinate. Gauss’ law
for the magnetic flux density and Amiges law for the mag-

4. Incompressible creeping-flow limit of the netic field intensity with zero current density then require the
translational and spin-velocity equations imposed fields to be spatially uniform, i.e., independent, of

Here we introduce the simplifying assumption that thePut the resulting magnetization causeslependenB, and

ferrofluid is incompressible, hend&v=0 exactly. Creeping Hx components. The scaled magnetic field and flux density
flow in the translational and spin velocities is approachecfre thus of the form

asymptotically as the translational and spin-Reynolds num- .

bers approach zero (Re0, Re,—0). In this limit, the lin- H=Re{[H,(x)i,+H,i,]el "}, (2.1

ear and internal angular momentum equations reduce to

ML\ er  [moMHL,) ~ - B=Re{[B,iy+ B,(x)i,]el*}, (2.2
0=—( U )Vp’+ —U)M-VH
g g where the time and field frequency have been scaled with
0L\ o~ QPN respect to the ferrofluid relaxation time){=7Q; andt
2( nuU )wa+ 1+ ; vV, (1.33 =t/7), and the magnetic field and flux density have been
and normalized with respect tbl and uoH, respectively, wittH
the magnitude of the total applied magnetic field in the ab-
woMHL2Y _ L U. - L2\ sence of ferrofluid {H=| (By/ o) ix+H,i|=[(Byx/10)?
- 70 MXH+27 q VXv—4 P ® :LHE]”Z}. Here we note that, in gener&, , H,, B,(x), and
) H,(x) are complex amplitudes, with the last two being func-
(7" +N) g~ e tions of spatial position. The resulting magnetization field,
+ 7' Vot Ve, (1.34 force, and torque for this system have been obtained
) previously’® Here we repeat this analysis, showing that the
respectively. “small spin-velocity” approximation used in previous

Finally, because in incompressible creeping-flow prob-pna1yse&2is equivalent to a regular perturbation solution of

lems the nc_)ndlimensional dynamic pressure gradient must hie nagnetization equation truncated after the first-order
of order unity?* we choose a viscous dynamic pressure scalearm.

nU
II'= . (1.35 o L . L
v . agnetization solution n e linear magnetization
L A. M tizat lut the | tizat

l'jmit

A practical solution of the above equations, and hence o
ferrofluid flow problems in the creeping translational and  Here we determine the magnetization and resultant
spin-flow limits, will require judicious assumptions of the body-force and body-couple when the equilibrium magneti-
relative magnitudes of the coefficients ([(h.33 and (1.34), zationMq in (1.4) is given by(1.12. Under conditions of
as well as in(1.31). fully developed, incompressible flow, the convective term in
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the magnetization equation(1.4), vanishes identically 1. Zeroth-order solutions

(v"WM=0andV-v=0 for the system of Fig.)1 asd/dz of The zeroth-order problem is independent of the spin ve-
any quantity is taken to be zero in this fully developed flow,|ocity and is given by

except forgp’/dz which is taken to be a constant. Defining

the perturbation parameter= () as the product of the char- al\7|0,x ~ ~

acteristic scale of the spin field), and the magnetization 7: ~(Mox=xoHx), (2.69
relaxation time scale of the ferrofluid, and usingM ~H as

the scale for the magnetization vector, the magnetization Py

equation,(1.18, becomes = 2=~ (Mo~ xoH,). (2.6b

oM - - _ Upon substitution of the assumed form of thi&-order mag-
—=€ewXM—(M—yxoH). (2.3 netization term,(2.5), into the zeroth-order magnetization
at eqguation we obtain

We seek a solution where the magnetization can be ex- .=

pressed as a power series expansion of the small parameter J2Mox= Moyt xoHx. 279
€, o~ ~ ~
]QfMO,z:_MO,z+X0Hz- (2.7
PO e The x-directed magnetic field is related to the applied mag-
M= nzo €My, 249 netic flux density fieldB by

. . Hx:’Bx_i\“/lo,x- (2.9
where thenth-order term of this regular perturbation expan- ) S
sion is assumed to have the same time dependence as thge solution for the zeroth-order magnetization field is then

magnetic field(2.1) and magnetic flux densit{2.2), o

Mox= ——By, (2.93
o N E U 5 (1+x0+]j8s)
My =Re{[Mp x(X)ix+Mp (X)i ]e™ . (2.9
~ X0 ~
Prior work®® in the cylindrical spin-up flow problem Mo_z=mHz. (2.9b
analogous to our parallel plate geometry has neglected the f
spin-reorientation term in the magnetization equation, a® nth-order solutions
quantified by the first term on the right-hand side(2f3). The equations to solve for ordee1 in e are
This is consistent with the truncation of the regular perturba-
tion expansion at the first term of the ser{esroth order in oMy ~ 5
€). This so-called spin-diffusion theory analysis has been ——=o,M_1,—(1+x0)Mp«, (2.10a
subsequently shown to predict spin-up flows which are or- Jt
ders of magnitude smaller than those observed ~
experimentallj**1 Alternative explanations for the observed ~ 9Mnz _ S VIR v (2.100

spin-up flows, including surface-excess magnetic effects can at

H H 34 35
be falérJ\?el/r:aF\(/)vseer?z\tléetlr?; ta gthspgnzﬁlg‘g‘;ave shown that Note that we have not made any assumptions regarding the
’ y direction of the spin field at this stage. Components of the

keeping the effect of the spin-magnetization coupling, em-_ . . h . . h h
bodied by thewXM term in(2.3), can introduce novel flow spin in thex andz directions do not appear here as we have

. o 4 ) . h =0. Thi he followi f
behavior. That this is the case is further shown in our Comn_assumedt =0 is reduces to the following system o

. ) . ~— ".linear algebraic equations:
bution, where the effect of spin-magnetization coupling is 9 q

included by considering the first two terms of the regular  jQM,, ,=w,M,_1,— (1+ xo) M, (2.113
perturbation expansion, ultimately resulting in a spin depen- ~_ _ o _
dent portion of the body-torque density. JOM = —oyM[ 15— Mp 5. (2110

We also note that other analy$&¥*3°of the cylindrical

. - ) The recursive solution is simply
spin-up flow of ferrofluid in the presence of a rotating mag-

netic field have assumed that the magnetization fidlds ~ ~ 1 ~

spatially uniform and found that spin velocity is spatially M x= oy m Mn-1z, (2.129

dependent. However, in that case, as can be seen from the Xo f

Appendix B solutions of Rosensweg al.,>* the magnetiza- ~ _ 1 ~

tion field M is also required to be spatially dependent. Hence  Mp .= — oy m Mp-1x- (2.12h
f

these analysé$®*3°lack self-consistency in their consider-
ation of magnetization relaxation, a problem we avoid in ourThe nth-order magnetizatioincluding order zerpfor this
contribution by adopting the regular perturbation expansiorset of ordinary difference equations, based on the applied
scheme presented in this section. fields is then
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. MERGIEE: 1 (n+1)12
(— 1)z —= —= xoH,, n odd,
_~ l+JQf 1+XO+]Qf
Mnx= ni2 1 ni2+1 (2.133
—1)"Zy" - - B,, n even,
k( N1+j0)] |14 x+j Oy XO=x
§ R 1 (n+1)/2
(— 1)) - _— XoByx, n odd,
_~ l+JQf 1+XO+JQf
M= 2 +1 1 ni2 (2.13b
(—1)"2" — —_— H,, n even.
\ N1+j0, 14 ot 0y 07

Using (2.133 and (2.13bH we obtain for the first-order Then we obtain for th&-component of the magnetic force,
term in the regular perturbation expansion,

d

_ T @Mi). (2.189
=~ XoHz dx\ 2
Ml,x:wy — ——, (2.14a

(1+]Q)(1+x0+] ) The time-averaged magnetic force is then
B d

~ - B M\ _ L IVEN
My =~ A (2.14b (M=~ gx 2 (MQix. (2.19

w ~ ~ .
(1400 (14 xo+ Q)
Because the time-averaged magnetic body-force can be
expressed as the gradient of a scalar function, a new dynamic
pressurep” may be defineti® as

The solution for the magnetization field, to first order in
the small parametes= Q) 7 is then

'\7|=Re{[mxix+l\~ﬂziz]ej5f?}, (2.153 e
o p”=p—p(g~r)+7<M§>. (2.20
- (1+]0)B,+ eoyH,

= — "~ +0(€?), (2.15b
X 00 ot 10 O

x Such a definition can be obtained by considering the

x-component of the time-averaged linear momentum equa-
~ (1+X0+jﬁf)i:|z_ ég)ygx , tion. .However, we note Fhat because magnetization is not a
M,= xo — —— +O(€). (2.150  function of z this additional term does not affect the
(1+] Q) (14 x0t]) zdirected flows obtained below. The dynamic presspte

These results agree with a Taylor series expansion witfeferred to in what follows is that defined in Ed..19.

respect to the spin-velocity term in the magnetization results ) )

of previous analyse&:? Higher-order terms of the perturba- C: nth-order time-averaged body-couple density

tion expansion for the magnetization vector can be easily The body-couple densitydue to a quasistatic magnetic

obtained using2.13). field on a ferrofluid suspension is given k¥.9). Owing to
_ _ the time dependent fields of the form given (&11)—(2.2),
B. nth-order time-averaged body-force density the body-couple will also be a function of time. However, in

The external body-force densifyon an incompressible this analysis we are only interested in the time-averaged be-
ferrofluid is given by Eq(1.8). Here we assume the gravita- havior of the ferrofluid suspension as we assume that fluid
tional field is constant throughout the system, as is the mad§ertia and viscosity prevent the fluid from significantly re-

densityp, hence the gravitational force is absorbed into theSPonding to the 2nd harmonic magnetic force and torque.
dynamic pressure as {1.19. The remaining magnetic force The resulting time-averaged body-couple density is solely in
fM is then the y-direction and is given by®

T\ 1 N B* _M* L N/
M Mx%wmx%iz. 216 (T)=3ReM B} ~MZ (H,+ M)}, (2.29
with the superscript * denoting the complex conjugate of a
However, as discussed abow, is independent ok, there-  complex amplitude term. In writing2.21), we have assumed
fore thez-directed component of the force is zero identically. that the spin velocity appearing i2.13 is independent of
The x-directed component can be simplified by using thetime, a relatively good assumption when one considers situ-

relation ations where the characteristic time scale for changes in the
magnetic quantitie€); * is small compared to the inertial/
szi B,—M,. (2.17)  Viscous time scale;, ~ L2p/ 7. In any case, the difference is
Mo assumed here to be very small.
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a%f(ly)f 0. (2.25

It is a simple exercise to verify that this criterion is met
when

Q==1+xo, (2.26
and when

2x004(xo+ 1+ QHRE[BEH, I} — (QF + xoQ ¢+ x0+ 1)

X (02— xoQ+ xo+ DIM{[BF H ]} =0. (2.27

WhenB, andH, are in phase such that the tefi H,]
is purely real we have three distinct real roots (8f27),
given by (2.26 and

FIG. 2. Zeroth-order body-couple terffi,)o vs Q¢ for xo=3.5, A,=(1 0,=o. (2.28
+j)12, andB,=(1=])/2.
When B, and H, are 90° out of phase such that the term
[B¥H,] is purely imaginary we have two distinct real roots
or 0<xo<2+242, a generally good assumptiogiven
y (2.26). There are four additional real roots (.25 when
>2+24/2, given by

Because it depends quadratically on the magnetizatio
field, the body-couple density can also be written as an ex:

pansion in terms of the perturbation parameter Xo
T)=3 e 0.— *xor[(xo—2—22)(xo—2+22)]¥2 .
<|y>:nzo En<|y>n1 (2.23 (= 2 | ( | 9

with the nth-order term given by Cases when thEB} H,] term is complex are more involved

N but will always possess the roots given(ih26).
~ 1 ~ o~~~ ~ ~ From (2.24), the zeroth-order body-couple is always
—_ * * _ * ) . y
<|V>“_2R% Mhn 2By = MnxHz ;0 MaixMiz( - zero when the excitation frequency is zero. At the roots given
(2.23 by (2.26 we have that the zeroth-order body-couple is

We are particularly interested in the properties of the

zeroth and first-order terms of this perturbation expansion. <Ty>0|;)f:iyl+)(o: B XgRe{[Eiﬁzz]}
(2+ x0)
1. Properties of the zeroth-order body-couple term 2xoV1+ xolm{[B A, 1}
o * 2 r0)? (2.30

Using (2.23), we obtain for the zeroth-order term,
For purely real and positiveB} H,] this corresponds to two

o amt mx kT e
(Iy)o=3Re[M B 0xHz= Mg, Mo} —y-directed extrema. For purely imaginary and positive
i~ = B¥H,] this corresponds to & y-directed extremum &
Re([xoQ:+j Qi (D +1+ B H [ByH, - f
== Xo Axol+ 10 - Xoj][ s Z]}, =1+ xo and a—y-directed extremum afl;=— 1+ x,.
(14 xo+ Q)2+ X507 Reversing the sign of theBX H,] term merely reverses the

(2.24) direction of these extrema in the zeroth-order body-couple.

in agreement with previous results where the symboT

was used to denote the body-couple density. Here we reserve .
the symbolT for the Cauchy stress and its components and?. Properties of the first-order body-couple term  (l,);
usel, for the body-couple density instead. Figure 2 shows
representative plots of the zeroth-order body-couple term and
it's variation with the scaled field frequendy;. Note that
(T,)o=0 if either B, or H, are zero.

As shown in Fig. 2, the zeroth-order body-couple term
typically has extreme values with respect to the field fre- = Yoy — - A
quency. The criterion for extrema with respect to the field Y2 (14 xo+ Q%)%+ 507
frequency is (2.3)

Using (2.23, the first-order term is
<Ty>1: %Re{m l,zE: -M ?Lr,xi:'z_ M ?erm 0z~ M gxm 1,2}1

- 1 (D2-1)|B, |2+ (D2 (1+ x0)?)|H,|2
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in agreement with previous work?® For consistency with
previous work!~® and to simplify the form of the equations
to follow in the next section, we define the parameter

a'=<Ty>1/Z)y

1 (02-1)[B,|2+ (02— (1+ x0)?)|H,J?
=Xo- e . (232
2 (1+ xo+ Q7))+ x50

@y

T/

(

a=

Figure 3 is a representative plot af and its variation with
the field frequency.

As with the zeroth-order body-couple term, we are inter-
ested in finding extreme values of the spin-independent por- - - ——
tion of the first-order body-couple term with respect to the -
field frequency, given by the criterion !

FIG. 3. First-order body-couple term(=(T,),/w,) vs 0 for x,=3.5,
d H,=(1+]))/2, andB,=(1xj)/2.
Ka’:o. (233)
f _ 1 B+ (1+x0)%H?
. . . . a|9f=o:—§Xo > . (2.39
As can be verified, this is always satisfied when the field (1+Xxo)

frequency is zerof);=0, which corresponds to a minimum The other real roots of the extremum criterion(th33
in a: are

1/2
|Bx|2+|Hz|2(1+)(o)2 N \/(2|Bx|2+|Hz|2(1+(1+Xo (B +(1+x0)*) +2|H % (1+ x0))

0=
[B,?+[H,J? B2+ |H,J?

(2.39

Note that, in contrast with the zeroth-order body-couplenetic susceptibilityy,, for example, starting fron(12 37 an

term, the first-order body-couple term always has these thregxtremum is found fory,=2.73205 with a| —4_9
extreme valuegone —y-directed and two+ y-directed ex- %<10-2.
trema.

As we have mentioned before, we are interested in the
effect of keeping the first two terms in the body-couple per-
turbation expansion. These two terms correspond to the
small spin-velocity body-couple density used in previous

As will be seen in what follows, the maximum value of
a will be important in determining what flow regimes are
possible for the configuration being analyzed in this paper,

This maximum value is obtained for a given $gt,B,,H,} analyseg;®
using(2.39 in (2.32. As an example, fofH,|?=0 extreme
values occur for field frequencies given by
(T =To+eany, (2.39

Q=+[1+2+2(1+ x0)?]¥2 (2.3

with Ty given by(T,), and« as defined ir(2.32. From here
on, we will refer toT, (=(T,)o) as the zeroth-order body-

couple term andw (E(Ty>l/wy) as the first-order body-
|Tax _ Xo (2.37) couple term.
H=0" 2 3+(1+X0)2+2\/2+2(1+X0)2 ' With the preceding analysis it is easy to see that the
“small spin-velolzcigy limit” for the body-couple density used
N - . in previous work™ is equivalent to truncation after the first-
. Other S|tuat|on§ can be S|m|IarIy. obtained, but notg tha%orcﬁ)er term of a regularqperturbation expansion of the magne-
in general the maximum values afwill be I_ess than l.“m.'t.y' tization equation, with the small parameter Because in
For a representative value of the ”,‘nixgne“c susc_ezptlbm,ty practical applicationg will indeed be a small parameter, this
=3.5(see Sec. | A Bwe have thau|ﬁzzo:4'8><10 - The " inear body-couple density expression should be widely ap-
parametew also possesses extrema with respect to the magplicable.

which correspond to an value of®
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IIl. TRANSLATIONAL AND SPIN-VELOCITY The corresponding time-averaggd@omponent of the in-
SOLUTIONS ternal angular momentum equation in the creeping-flow

L o . limit, (1.34), reduces to
The analysis in this section is for the asymptotic limit of (1.34

fuIIy_ developed,_ uniaxia{alo_ng thez-axis in Fig. 1 flow of 7 dZZ)y dv, -~ woH2\ -~
an incompressible ferrofluid between two parallel plates. — > T2 — - (ly)=0. (3.5
Based on the imposed boundary conditions and symmetries {d?) dx dx

of the flow geometry, the time-average flow fields are ex\\eyt e introduce the assumed linear form of the body
pected to be of the form

—4wy+

couple density(Ty), (2.38), into the internal angular momen-

V(X) =0 ,(X)i,, (3.1  tum equation, to obtain
o(X)=w,(X)i, . 3.1b "\d%w, _dv H2 ~ 2\
> Oy ( ) (77_2 ::y— g-i— (MOQ )ea—4 wy+ —'LLOQ )|0=0.
Note that the conditiorW-ew=0 is satisfied exactly by this | {d®/ dx dx ¢ ¢

assumed flow situation. This is because xheomponent of (3.6

the spin is required to be zero. A nonzereomponent in the The solutions 0f(3.4) and (3.6) and their interpretation
spin velocity would result in nonzere- andy-components i, yarigus limiting conditions are the focus of this section. In
for the translational velocity, thereby contradicting the as+nase solutions we can identify three important dimension-
sumption of uniaxial flow. This is analogous to the cylindri- |o5 parameters. The first is the ratio of vortex and shear
cal symmetry argument used in the analysis of ferrofluid eNyiscosities, ¢/ 7, which, according to Brennéf, is propor-

- : - e 143335
trainment in a rotating magnetic fiettt _ o tional to the volume fractionp of magnetic particles in the
A solution for this creeping-flow problem in the limit of suspensiofi’

negligible spin diffusion ¢’'—0) has been given

elsewher€® Here we extend the analysis to include the ef- 3

fects of spin diffusion, allow for relative movement between 7] o (3.7

the parallel plates, and examine the effects of boundary con-

ditions on spin velocity. The second dimensionless parameter is the ratio of spin

The time-averaged momentum equations for the systenyjiscosity to vortex viscosity divided by the macroscopic
scaled as discussed in Sec. | B 4, are given(b$3d and length scale squared,’/(£d?). This ratio is in fact a ratio of
(1.34). Because we are interested in a single region flow, wenacroscopic and intrinsic length scales. This is easily seen if
assume the characteristic length scales for variations in trangne considers that the spin-viscosity is expected to be a func-
lational and spin-velocities are the same and equal to th#on of the shear viscosity of the ferrofluid, its volume frac-
characteristic macroscopic linear dimension of the problemtion, and a characteristic length scalg squared, obtaining
the gap widthd,

7 L
L,=L,=d. (3.2 E“; (3.8
Furthermore, to simplify the form of the equations that fol- _ ] ) ) )
low, we set Th|s_ expe(_:ted functionality, _coupled with thesumptlorlh_at
the intrinsic length scalé , is of the order of the particle
Qd diameter is the usual motivation for neglecting the first term

L (3.3 of Eq. (3.6). However, even in cases where this parameter is

indeed negligibly small, the combined effects of spin diffu-

which is equivalent to scaling the spin field with the vorticity sjon and spin/vorticity coupling will result in the formation
field. of boundary layers near walls and interfaces. These boundary

Considering the assumed form of the flow filell),  |ayers could have a profound effect on shear stresses at these
only thez-component of the linear momentum equation andyalis or interfaces, thereby giving their consideration signal
they-component of the internal angular momentum equationmportance in any experimental determination of ferrofluid
are of concern. Note that the time-averagecbmponent of properties through these measurements.
the same equation does not provide additional information, The third and final parameter is the ratio of “pumping”
besides the definition of second dynamic presspfeinde-  of intrinsic angular momentum through the body-couple
pendent tax, as discussed in Sec. IIB. In rectangular coor-mechanism to interconversion of external/internal angular

dinates, the time-averagegicomponent of the linear mo-  momentum through the vorticity/spin coupling in the struc-
mentum equation in the creeping-flow lim{t..33, reduces  tyred fluid,

to

u

MOHZ
7ed%v, ¢ dw, dp’ -
e zyp2 T g (3.4 (Q

7 dx* mdx dz : : :
Because we are interested in keeping the effect of the
where .= 7+ { and we have used the fact that the time-first-order body-couple term on the internal angular momen-
averagedz-directed magnetic body-force is zefo. tum equation(3.6), we require

(3.9
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H? H?r
(“0 )ez“(’ ~1, (3.10 T

{Q ¢

This constitutes a requirement on the magnetic field magni-
tude for significant magnetization/spin-velocity interaction.
For a typical ferrofluid ¢/%~0.15, ¢=0.1, 7%
~0.03 Nsm?2, 7~10°s) this will requireuoH~230 G.

This value of the required magnetic field somewhat exceed: \
the estimated threshold value pfjH~52 G valid for the
linear magnetization limisee Sec. | A B This indicates that
(1.12 might not be an accurate model fior,, when applied

Tw = 1,

to magnetic fields that exceed 52 G. 4n .

It could be inferred that this requirement on the magnetic o= w H’ “. -4 HoH .
field magnitude introduces a scaling problem in the internal ( ;,Q Jsm 4 [\ ¢ )|
angular momentum(3.6), because the coefficient of tﬁ@
term will be very large, however, this is not necessarily the
Ca_se a_s the magnitude bé may b_e madesas small as re- FIG. 4. Graph of Eq(3.13, showing the major features of the dependence
quired independently of the magnitude @f* of 7, 0N a. As a— * % we havey,,— 7. The valuex,, corresponding to

7m=0, is given by Eq(3.16) and o4, corresponding to a discontinuity in

A. Zero-spin-viscosity solution 7m, IS given by Eq(3.14.

First we reproduce the analytical solution for zero-spin-

. . . . . 9 . . _
viscosity floyv given in previous work;® extending it to al Also notice that there is an asymptote fgf,— 7. as a
low for relative movement between the plates. The relevant 4 - di ; he boundsain S
equations aré3.4) and(3.6) with the parameter'/({d?) set o0, Owing to our discussion on the boundsain Sec.

q ) ' . SN2 I C 2, this is clearly impossible. Figure 5 shows representa-
to zero. Because the second-order spatial derivative has been ¢ 8. In this fi h hat th
dropped from the internal angular momentum equation, wd've curvesdo I”m vs f'Hr;/t(')S |Eure l_v:/ze /S 0W78 at the
no longer require spatial boundary conditions for the spinDresent model requireguoH*/ {() e=(uoH7/{) ~70, cor-

field. The usual no-slip boundary condition is applied on ther_esponding_go a mzignetic fi9|d_<ﬁo|-_|; 1900 G (using 7
translational velocity field at the bounding walls, =0.03 Nni S §/7_7—0._15, anqh-— 10 .) _to _achleve t_he S0-
called “negative viscosity” regime. This is in stark disagree-

2,00)=0, 1,1)=V, (3.1)  ment with the experimental evidence, where smaller mag-
netic fields have been found to produce the “negative
whereV(=V/U) is the dimensionless velocity of the upper viscosity” effect. This indicates that it is likely that magnetic
plate, made dimensionless with respect to the characteristizody forces due to field gradients in the flow directi@n
translational velocityJ. Note thatV is O(1) or less, as the Opposite to it are responsible for the experimentally ob-
magnitude of the translational velocity field is likewise af- Served flows. Such body force effects do not arise in the
fected by the pressure gradient, throu@t85, and the spin/  uniform field configuration studied here, but in most practi-
vorticity coupling mechanism assumed (B.3). cal realizations of magnetic field configurations it is difficult

The resulting translational velocity field is

X(1=X) dp’ -~
(—)g VX. (3.12
2nmln gz

v, (X)=—

This equation is similar in form to the classical solution for
flow of an unstructured Newtonian fluid under similar
conditions® This is partly the motivation for coining the

term “magnetoviscosity” for the algebraically signed scalar
7m- This magnetoviscosity is given by the relation =

al
a—Aa[(poHYQ)e] Y

Mm=n+ (3.13

This result is equivalent to that given previou$ly.The de-
pendence ofy,, with respect toa is shown graphically in
Fig. 4. Notice thaty,, is a discontinuous function af, with _
the discontinuity occurring at 5

e
O

-1
(3.14 FIG. 5. Graph ofy,, dependence o), for x,=3.5, H,=0, andB,=1.

ay= 4 . 2 2
Various values of foH*/{Q)e= uoH*7/{ are shown.
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to have a perfectly uniform magnetic field and it is possible
that in reported experiments small magnetic field nonunifor-

mities have significant effects on the flow.
Solving (3.13 for @ we obtain

4(n—17m)
(uoHH Q) e( ne— 1)

(3.19

which will be used in the next section to rewrite the internal
angular momentum equation in terms of the magnetoviscos

ity.

Because a sign change i, corresponds to a predicted
flow reversal(in the limit '’ —0), it is interesting to con-
sider conditions for which this will occur. The value e@ffor
which the effective viscosity is zero is

4n

= (3.16
(moH?EQ) e,

g

C. Rinaldi and M.

7, /n=105

-, /171=-05

vl’

*

FIG. 6. Translational and spin-velocity profiles for the zero-spin-viscosity
solution, Egs.(3.12 and (3.19, with {/7=0.15, 5,/5==0.5, dp’/dz
—1,V=0, and (,H%{0)T,=0. Changing the value of this last param-

Using this and the fact that the maximum attainable first-eter merely translates the spin-velocity curve along the abcissa.

order body torque yielda~5x 102 we obtain that the re-

guired magnetic field magnitude for negative effective vis-

cosities according to this model igoH~1900 G, in
agreement with the approximate value provided above.

It is interesting to see what happens to the magnetovis- Y

cosity in the limit of smalle, when the productg,H?/{Q) e
is much less than unity. In that case we obtain 4gy,

1
M= g

MOHZ
Q

e+0(€?). (3.17)

To orderO(e), the magnetoviscosity will be zero for

47

(3.18

a= .
MOHZT
With a representative value gfogH ~230 G, 7= 10 °s,
andz=0.03 Nsm 2, this requiresy~28. Based on our dis-
cussion on the magnitude of (~5x102) in Sec. Il C 2,

such a large value will not be possible, showing that the®
assumption in3.10 is necessary to obtain the desired flow-

reversal behavior in this model.
Finally, using(3.13 to calculate the effective viscosity
in the small magnetization limitusing ugH~52 G) pre-

dicts that the maximum decrease obtainable is less tha

0.01% (y,,/7~0.9999). This further indicates that the lin-
ear magnetization assumptiofi,.12, might not be a good

model for these experiments and that considering the mag-

netic saturation limit may be necessary.
The solution for the spin-velocity field in the zero-spin-
viscosity limit is

~ o~ (7= M) MOHZ ~ ~ (1_2;() (95’
(l)y(X)— 45 ( Q§ )lo_ZV‘l'—??m/77 5 .
(3.19

!
_dvs_(172%) 8%—?/. (3.20
dx  2nmln 4z

Figure 6 shows representative plots of the translational
and spin-velocity for the case when the spin-viscosity is ne-
glected in the internal angular momentum equation ¥nd
=0. In this, as in all plots in this paper, we have taken
ap'ldz=—1. Note that the slopes of thdinean spin-
velocity are not required to simply reverse sign when the
algebraic sign ofy,,, reversegthe way the vorticity dogs as
seen from(3.19. The translational velocity profiles exhibit
the classical parabolic shape, but with a discontin(ityi-
nite flow) when 7,,=0. Adding the effect of relative plate
movement merely superposes a linear translational velocity
rofile and translates the spin-velocity profile along the ab-
scissa accordingly.

Because the volumetric flow rate is the most easily mea-
sured flow property for ferrofluids, we provide the expected
volumetric flow rate(per unit channel depjhscaled with
fespect to the translational velocity scdle and channel

cross-section of the channe[Q=Q/(Ud)],

From (3.2)) it is easy to see that neglecting the effect of
spin-diffusion in the internal angular momentum equation
results in a predicted flow rate which becomes infifiéte do
the translational and spin-velocitjeshen the magnetic field
dependent effective viscosity,, becomes zero.

1 nadp

= . 3.2
12 9 gz (32D

Because the difference between the spin-velocity and the

vorticity is a measure of the system’s departure fromB. Nonzero-spin-viscosity solution

(spin no-slip at

equilibrium' and is used in estimating mechanical energyboundaries )

dissipation in the flo° we present the resulting vorticity
def.
(2 =V Xv) for the flow when spin-viscosity is neglected,

Upon using(3.195 to expressa in terms of 5, the
internal angular momentun(3.6), becomes
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n' \d%e, _dv, 40 -~ [woH?|. and
— 2=~ wyt lo=0.
(d?) dx® dx (e~ 7m) {Q ~ D\ o )
(3.22 dv, 1 7' |dw, 2~  1l[ugH\~
' & 2\ e (a2l 0]
This and(3.4) form a set of two coupled second-order ordi- X ¢ X e m )
nary differential equations. To solve them we take the deriva- (3.29

tive with respect tox of the internal angular momentum
equation,(3.22, and substitute it into the linear momentum
equation,(3.4), resulting in a third-order ordinary differential
equation in the spin velocitg)y. The translational velocity is

obtained in turn from the internal angular momentum equa-

In this section we are interested in the solution to these equa-
tions when the spin-velocity vanishes at the container walls;
hence the boundary conditions

tion, (3.22. The equations to solve for the spin and transla-  Y2® =0 vAD)=V, (3.253
tional velocity are, respectively, _ ~
, ~ ~ ~, w,(0)=0, w,(1)=0. (3.25h
E(’?_ oy _4lgn doy B oo ' '
n\¢d?) dx®  n(me= 7m) dx az ' The resulting translational and spin-velocity profiles are
|
- - X(1=X)7  7(7e— 1m) (1+c0sk)(1—CoskX)—sink Sinkx|dp’ -~
UA(X)=— - — +Vx
27m 27Mem K SiNk Jz
- 1—cosk)(1—2X— coskX) + sink sin kX H2\..
(77— 7m) (1= COSK)( ) #olr o9, (326
27e K Sink—2[ (e 17m)! ne] (1—COSK) ¢Q
and
e 9 e—1m) - ~  (L+cosk)sinkx|dp’ | (7e— 1) K Sink(1—coskX)—(1—Ccosk)k Sinkx
wy(X)=————| 1—2Xx—CcoskXx+ - —+ -
4 mm sink 9z 4¢ Kk SiNk = 2[(ne— 17m)/ 17¢] (1~ COSK)
2
MoH ~
X - .
E
|
with the dimensionless parametergiven by couple is zero the translational velocity profile is symmetric
about thex=0.5yz-plane while the spin-velocity is antisym-
_ 2112 metric about the same plane. The translational velocity pro-
4f{nn . . .
K=|——"7—— (3.28 file is in generalnot parabolic, except for special parameter
(7e= Mm) Me n'

values. Whenl, is nonzero the symmetries about the
=0.5 yz-plane disappear, and for the particular parameter

Note that the translational velocity3.26), for the values of Fig. 7 {/5=0.15, »'/{d?>=0.01, #,,/ n=—0.5,
nonzero-spin-viscosity case contains the zero-spin-viscosity _ 1) reverse flow is possible over a small section of the
solution, (3.12), as well as additional terms which represent ~ -
the effect of spin-diffusion on the flow. This separation is not92P near~the<—1 wall BeclaUS(.a n F|gs..7 and 8 nonzero
as clear in the solution for the spin-velocit@.27. values ofl , are along the-direction(see Fig. 1the zeroth-

Our solutions for the translational and spin-velocity Order body-couple opposes the flow vorticity in the lower
fields are similar to those given by Condiff and Dafidor ~ half of the gap, andice versa‘aids” the vorticity for most
electrical induction flow between parallel plates. However,0f the upper half. Note that even though negative magneto-
the interesting coupling effects between pressure gradienyjscosities are used in Fig. 7, the volumetric flow rate is
body-couple, and spin/vorticity studied here in detail werepositive for all parameter combinations in the figure.
not given consideration by these authors. Figures 9 and 10 show the effect of increasing imaginary

Figures 7—12 show representative profiles for the transx on translational and spin-velocity profiles, respectively.
lational and spin-velocity, withip’/dz=—1. Figures 7 and These figures are for physical parameters equal to those of
8, respectively, show translational and spin-velocity profilegFigs. 7 and 8 {/ =0.15, '/{d*=0.01). The parametet
for positive and negative effective viscositiesy (/7 is then controlled throughy,,,, as given in(3.28. Imaginary
=+0.5) with and without the effect of zeroth-order body- values ofx correspond to operating regimes to the lefgf

couple {,={0,1}) with V=0. When the zeroth-order body- in Fig. 4. Nonzero values of, would result in removing
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FIG. 7. Translational velocity profiles for the_nonzerp spin-viscosity case.rig. 9. Translational velocity profiles fot/7=0.15, 7'/{d?=0.01, x

Eqg. (3.26. f’arameter values are those of Fig. 6, wijh'd?=0.01 and ={5},10/,15},20j} (corresponding to  5m/p={0.3725,0.7557,
(moH#2Q)T5={0,1}. Note thatQ, Eq. (3.30, is positive even fory, 0.9335,1.017B, ip'ldz=—1,Y=0 and Won/ﬁﬂ)Tﬁo- As k—jo the
=—0.5. Also note that a nonzerggH?/ {Q)T, affects the shape and sym-  zero-spin-viscosity solution is approached, shown by the dashed line for
metry of the translational velocity profile. M= Te -

symmetry about the=0.5yz-plane, as in Figs. 7 and 8. Itis wjth d~10"® m are currently being considef@dmaking
apparent from Figs. 9 and 10 that the nonzero-spin-viscosity,’/;42~10"4. A sub-micron device would bring;’/{d?
solution approaches a limiting value &s-jo. This limitis  closer to our chosen value, hence, spin-diffusion could have
discussed further with relation to Figs. 15 and 16 and in Secq profound effect on the behavior of these systems. Second,
B 1. to our knowledge, it has not actually beshownthat the

As noted in Sec. Ill, the spin-viscosity is commomy- intrinsic length scald., correspondsinter alia, to the par-
sumedto be proportional to the suspending fluid viscosity ticle diameter, in contrast with the explicit proportionality of
70, the ferrofluid volume fractionp and the characteristic ; on the particle diameter, quantified t8.7).12As discussed
particle diametet., squared §'= @7l p). This would im- by Brenner2 the macro-continuum description of suspen-
ply that '/ {d*~(L,/d)?. Considering flow of a typical fer- sjons is dependent on three distinct length scaigs: micro-
rofluid with particle diametelL,~10"% m, in ducts with  scale dimension, characteristic of the suspended particles,
characteristic linear dimensicsi~210"2 m, this would im- (i) a macro-scale dimensidn determined by the apparatus
ply that '/ {d*~10"*°. Instead of using this value, we have constraining the flow of the suspension, afiié) a meso-
arbitrarily chosen to use;'/{d?~10"% in most of our fig-  scale dimensiorC at which the macro-continuum fields are
ures for three reasons. First, microfluidic ferrofluid flows defined from their micro-continuum analogs. It is entirely

H? ). =5j
u_a_[#u ]1.,=0 K=5j

0.6
04

0.2

27

n'fed® = 0, =7,

FIG. 8. Spin velocity profiles for the nonzero spin-viscosity-case, Eq.FIG. 10. Spin-velocity profiles for the nonzero-spin-viscosity case. Param-
(3.27). Parameter values are those of Fig. 7. eter values are those of Fig. 9.
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FIG. 11. Translational velocity profiles faf/ 7=0.15, 7'/{d?>=0.01, « *

={5,10,15,29 (corresponding to 7,/5={—1.0580,2.4045,1.4972, FIG. 12. Spin-velocity profiles for the nonzero-spin-viscosity case. Param-

1.3228), 3p'/dz=—1, V=0, and @eHY£Q)T,=0. Note that the spatial '€ values are those of Fig. 11.
period of the spatial sinusoidal oscillations and their amplitudes are func-
tions of x. This is discussed further in Sec. Il B 3. Also note thatsas

increases, the zero-spin-viscosity solution #g/= 7., shown by the dashed . . .
line, is approached. ° Figures 11 and 12 show the effect of increasing reah

translational and spin-velocity profiles, respectively. As with

Figs. 7-10, Figs. 11 and 12 are for physical parameters

{In=0.15 andy’'/{d*=0.01. The parameter is controlled
plausible that_ is in fact proportional to the mesoscale  through the effective viscosityy,,. These profiles corre-
squared and hence much larger than expected. Indeed, espond to operating regimes to the rightafin Fig. 4. These
perimental evidence supports this possibiift§ The micro-  profiles for realx predict spatially oscillating translational
scalel and mesoscal€ are of the same magnitude only for and spin-velocity profiles even in the absence of zeroth-order
the degenerate case of an infinite, spatially periodic particl®ody-couple effects. This is not predicted by the zero-spin-
suspensioff? Furthermore, to ensure equivalence betweerviscosity solution. As with Figs. 9 and 10, the nonzero-spin-
spatial and ensemble averages, it is commonly required thaiscosity solution seems to approach limiting behaviowkas
<L, hence it is possible that the spin-viscosity is much—-oo. Here the average profile approaches a limiting value as
larger than is commonly assumed. Finally, we have chosethe number of periods of oscillation and the oscillation am-
n'1{d?>~10 2 to emphasize the effect of spin-diffusion in plitude change.
ferrofluid flows, in keeping with the goal of this contribution. The corresponding vorticity is

- - - 1+ cosk)SinkX—sink coskx |dp’
Qy(x)=i 1_2X+(77e Mm) ( ) ! i~—v
27m e Sink 0z
— 1—coSk)(2— Kk SiNkX) — Kk SiN K COSKX H2\.
N (76— 17m) ( _ )( ) Mo )IO—ZV. (3.29
27 K SiNk— 2[ (e 7m)! Me] (1— COSK) 149}

Because we are interested in situations for which flowmetric flow is discontinuous, as in the zero-spin-viscosity
reversal might occur, corresponding to forward or backwardtase,(3.21), but in this case the discontinuity occurs at a
pumping in the presence of a pressure gradient, we calculai®nzero value of the effective viscosiy,. In fact, as Fig.

the volumetric flow rate, 14 shows, the nonzero-spin-viscosity solution predicts a mul-
B 77 . K(1+cosk)]| p’ jutude of s-ucr'l d|scont!QU|t|eSNhen K=nm with n an even
Q=- 1 1-6—; 2— - — integed. Finding conditions for which the volumetric flow
m K7 Sink 9z rate is zero involves finding roots ¢8.30 with respect to

gty (3.30 the effective viscosityin general this must be done numeri-
2t ' cally), and in turn determining the required magnetic field

Note that as in the zero spin-viscosity solution, the zerothfor a specified field frequency througB.15 and(2.32.

order body-couple ternT,o, has no effect on the volumetric As mentioned before, the translational and spin-velocity

flow rate. Figure 13 shows that this expression for the voluprofiles of Figs. 9—12 seem to show limiting behavior as the
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T,/7 FIG. 15. Translational velocity profiles faff =0.15, 5,/ 7=0.5, andx

) ) ={5j,10j,15},20j} (corresponding to 7'/{d?={1.6x1072,4x10 32
FIG. 13. Scaled volumetric flow rate as a functionsgf for the nonzero- x1073,1x10°3)), dp'/dz=—1, V=0, and (oH%£Q)To=0. The dashed

spin-viscosity solution. One flow reversal faf,~—3.6 is shown. This ;o corresponds to the zero-spin-viscosity solution.
corresponds tac=27 [7,, in that case is given by Eq3.39]. Parameter

values are’/5=0.15, '/ {d?=0.01, dp’/dz=— 1, andV=0.

the zero-spin-viscosity solutioishown by the dashed profile
é'n all figures. This can be easily shown for imaginaty and

magnitude ofx increases. Because the physical propertie ) ) . .
9 " Py prop Is the subject of the following section. For reathe analysis

(namely the vortex and spin viscositieme held constant in . X s g == )

these figures, we must lef,, approachz,, which is not is more involved as d|scont|r?umes in the flow profiles occur
possible in practice as it requires infinite magnetic fields 0" x=n (evenn), as mentioned above.
Figures 15-18 show analogous plots in which the vortex and

effective viscosities are held constant while the spin viscosityl- Limiting behavior as  «—jo

approaches zeroz(/{d*—0). Figures 15 and 16 corre- As noted above in relation to Figs. 9, 10, 15, and 16, the
spond to imaginaryx ({/7=0.15, 5,/7=0.5) whereas nonzero-spin-viscosity solution seems to approach a limit as
Figs. 17 and 18 correspond to real ({/7=0.15, nn/n  imaginaryx goes to infinity. In fact, Figs. 15 and 16 suggest
=—0.5). In all cases the velocity profiles seem to approachhat this limit corresponds to the zero-spin-viscosity solution.
Here we show that this is rigorously the case by taking the
limit k—jo in (3.28, while holding{, 7, and 7, constant
(effectively letting '/{d?—0). The resulting limits corre-

x =2z x =4z x =6z

sponding t0(3.26—(3.30 are
il 25 T T T T T T T T T
i u H? )
07" =9
2.0 [ o ]‘o picdt = o7
) J
- J
-2+ 1
-4 | 4
-6 | 4
-8 L 1
10 - - . : .
200 250 300 350 400 450 500
[#DHR] yqur
HoH |
0 ¢
2.5 ) ) L ! ) 1 ) 1 1
0 0.1 0.2 0.3 04 5 0.6 0.7 0.8 0.9 1

FIG. 14. Scaled volumetric flow rate as a function qfigH?/{Q)e

= uoH?7/¢. The first three discontinuities in flow rate are shown, corre-
sponding tox={2,4,6m7}. Parameter values are the same as in Fig. 13.FIG. 16. Spin velocity profiles for the nonzero-spin-viscosity case. Param-
These flow discontinuities correspond to fields  ofugH eter values are those of Fig. 15. The dashed line corresponds to the zero-
~{0.37T,0.42T,0.497 (for 7=10"° s and5yp=0.03 Nsm?). spin-viscosity solution.

W o
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FIG. 17. Translational velocity profiles faf =0.15, 5,/ 7= —0.5, and
x={5,10,15,20 (corresponding top'/{d?>={6x10 22X 10 2,7x10 %4

x10°%), ap’ldz=—1,V=0, and @woH%Q)T,=0. The dashed line cor-

responds to the zero-spin-viscosity solution.

-~ xX(x=1)pdp' -
lim vZ(X)=%&—; VX, (3.31)
m

K— oo

for the translational velocity,

(7e= 7m) | L—2x dp’ (MOHZ)T ey
o 4 | mln gz \ 0 )° ’
lim wy(x)= ) ~
Koo if 0<x<1,
0, if x={0,1},
(3.32
for the spin-velocity,
~ ~  (1-2x)7ndp -
lim (%)= U297 90" g (3.33

)

FIG. 18. Spin-velocity profiles for the nonzero-spin-viscosity case. Param-
eter values are those of Fig. 17. The dashed line corresponds to the zero-

spin-viscosity solution.

Effects of spin viscosity on ferrofluid flow profiles 2863
for the vorticity, and
o n op 1.
lim Q=— —+ =V, (3.39
e 1200 @ 2

for the volumetric flow rate. These results are identical to
those for the zero-spin-viscosity solutidii3.12, (3.19),
(3.20, and (3.21)], except for the spin-velocity solution,
(3.32, which is equivalent to the zero-spin-viscosity solution
with a discontinuity ak=0 andx=1 to satisfy the imposed
zero-spin-velocity boundary conditio(3.25h.

We point out that(3.31)—(3.34) are only applicable for
infinite imaginaryx, which requires positive, nonzero effec-
tive viscosities §,>0) and hence the singularity ajn,
=0 in the zero-spin-viscosity solution does not apply.

2. Flow profiles as n,—0

As noted in Sec. Il A, neglecting spin-viscosity effects
results in translational and spin velocity profiles which be-
come nonphysical when the parametgy,, the so-called
magnetoviscosity of the ferrofluid, is zero. Here we show
how the solution for the translational and spin-velocity re-
mains physical in this limit when the effects of spin viscosity
are retained in the internal angular momentum equation.

When the limit ,,—0 is taken[by noting the explicit
dependence ot on 7,,, given in(3.28], the resulting trans-
lational and spin-velocity profiles are

o~ o~ ]
lim v, (X)=——
7m—0 e

ap’
9z

X(1-X) X3(1-%)?( ¢d?
2 Tendl |

+T/§<—££ X(1—x)(2x—1)

2 7me 3(7]'/§d2)+ (&I me)

H2\.
Ho )|0—2v},

X

70 (3.35

and

§((1—§()(27<—1)7]<§_dz)£

lim wy(X)=— —
Y 67¢ n' | 9z

77m_’0
X(1—X)
3(n'1¢d?) + ({1 7e)

H2\.
”;Q )IO—ZV}.

.3
2

X

(3.39

The vorticity field corresponding to this translational ve-
locity field is
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- - pla=2% X1-2%1-%) (d? (@ Odd n Limiting behavior ask—ns, odd n, are
lim Q. (x)=— + (— easily found. They are
7m—0 e 2 37]e/§ 77, . ~1 .~
= %(1-% im 5,30 = — 27| x(1—%)— e~ Tm) SINNTX| 9P
Xﬁl‘__'\'/ E ¢ 1-6x(1-%) k—nm ‘ 27m e nw 0z
iz 2 e 3(n'1{d?) + (LI 7e) n odd
oH? ~~ 1—2x—cognmx)
X “m )lo 2v} (3.37 +Vx— 2
Finally, the volumetric flow rate of the ferrofluid is given poH? |~ <
in this case by X 0 lo—2V|, (3.40

for the translational velocity profile,

_ 1
lim O=— — |1+ —

T —+§v (3.39

1 ¢ (gd )

15 — v
el 1oz lim w,(x )—M(l—ﬁ(—cosmﬁ()ai~
Equations (3.39—(3.38 show that the nonzero-spin- «—n= 4L m Jz

viscosity solutions remain finite for conditions wherg, "%

=0. However, it is clearly evident that these limiting solu- Ne

tions still predict very large velocities for small values of the + Yok sinnmx

spin-viscosity,»’. The predicted limiting flows as;’/Zd? . )

.0, however, are very different from those predicted by the©" the spin-velocity profile,

zero-spin-viscosity solution. For exampl8,35 shows that

7]m_‘0

H
( 70 )IO 2v} (3.4))

the nonzero-spin-viscosity solution predlcts a flow profile de- lim Qy(x)— N v (77¢ nm)cos{nv&) _’
scribed by a fourth-order polynomial iR for conditions  «—nx 27Im e
where 7,—0, 7'/{d?>—0, whereas the zero-spin-viscosity "°%
solution, (3.12), predicts a flow profile described by a - 2—nmsinnax| | woH?\.
second-order polynomial iR. -V- 2 0 lo—2V|,
3. Limiting behavior as «—nw, n=1,2,3 (3.42
Inspection of the translational and spin-velocitigs26  for the flow vorticity, and
and(3.27), as well as the volumetric flow raté3.30, shows _
that the limit k—na may result in infinite flow rates. This =7 12 (e mm) |9’
was also shown graphically for the volumetric flow rates in K'Ln:ﬁQ_ 129, 1= a2 ne |5 2
Figs. 13 and 14 and mentioned in relation to flow behavior as  nodd
x approaches real infinity, Figs. 11, 12, 17, and 18. For a (343
given ferrofluid, making« approachn# requires control of for the volumetric flow rate.
the effective viscosity. Using3.28, we find that having« (b) Even n. For evenn we find that the translational and
=ns requires spin-velocity fields become infinite. The condition=n
for evenn therefore seems to indicate some form of reso-
Ve nance in the problem.
M= (3.39 We can still find the predicted limiting behavior for the

[1- (4gin*m*ne) ((d°T 7)) flow by letting k—n+ & and then considering the limit of
Upon taking the limit«—n of (3.26—(3.30, we find that small 6. The result is then expanded in the parameter

the flow fields remain finite for odd but may become un- keeping only the leading-ord€ (5 1) andO(1) terms. The

bounded for evem. resulting translational velocity is

i 5.4 (76— 1m) 7 1—cosnmx 57105’ X(1=X)  7(7e— nm) N(2X—1)(sinnax) —2(1—cosnmX)
IM  U(X)=— —
Kk—NT+ ‘ Nelm nm iz 27m 2MeMm n2m?
5—0
35’ ~~ | (7= 1) sinnmx (P«OH2>~ ~}
X—+VX+ [o—2V|. 3.4
iz 27, nmw  )° (344

The spin-velocity is
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-~ (me=mmpsinnax . dp" (e )7y Jp’
lim  w,(x)= S L L P 1—cosnmx) —
Ksnm+o6 y( ) 2Ly, 9z 4 nm (2x=1) ) Jz
5—0
(e m)(1—cosnmX) [ | woH?|-.
+ .
a7 0 To—2V|. (3.45
The vorticity of the flow is
-~ - sin nax 1—2X) 7 dp -
im0, (0= (7= 7m) W 5,1_~ ( )n.9p" 7(97e~ 7m)
KN+ NeMm 0z 2Mm Jz 27MeMm
5—0
2x sinnmx+nm(2x—1)(cosnmx)—2 sinnwx ap’  ~ [ (7e— 7m) M moH?\
X ——V—|—-——cosnwx [o—2V|.
nar 9z 27e {Q
(3.49
|
Finally, the volumetric flow rate for these conditions is |y Z)y(i)
Nm— T *
lim szgﬂi_ 7 7 | sink(1—2X—coskx)+ (1+ cosk)sinkx | dp’
KHﬁniToJr 5 NT e Nm 0z 129 - ar sinx 7
1. K SiNkX(1—COSk) — k Sin k(1 — COSKX)
1- 24—( . 277”’) —+5V. (3.47) Te
nm?n, | 9z 2 8¢ 1—cosk
. . . foH?\-
Note that in all these expressions, the leading-order term, X a0 lo—2V|, (3.49
of order O(6~1), is proportional to the dynamic pressure | )
. ~ o~ with the dimensionless parameterreducing to
gradientop’/dz.
a7 rd? 112
K= _é' Z_ (3.50
Me n'

4. Limiting behavior as m,—*®

As discussed in Sec. Il A, the effective viscosiy, is a
discontinuous function of the paramete=(T,), /w, in the
assumed linear form of the body-couple density fié38).
Particularly, it is possible fom,, to achieve infinite values

These limits show that even thougj, is a discontinu-
ous function, the ferrofluid behavior does not undergo a dis-
continuity as the critical value of, (3.14), is approached.
This should have been expected when one considers that the
parametery,, is fictitious [the original governing equations,

under well characterized conditions, namely those satisfying3.4) and(3.6), had no explicit dependence oh it was only
(3.14). The limiting behavior of the translational and spin- introduced by analogy with the classical solution for

velocity equations, and their consequences, in the lipjt
— * oo s therefore interesting.
These limits are easily evaluated to be

lim v,X)
7]m—>i00

(1+cosk)(1—coskX)— Sink sin kX
K SiNk

07P
iz

27]e

1| (1—cosk)(1—2X—coskX) + sin« sinkx
+VXx——
4 1-cosk

X

(3.48

H2
”“m )|0 2v}

and

pressure-driven flow between parallel plat®s.
The vorticity corresponding to the translational velocity
field in this limit is

lim Qy(x)
Nm— T *

(1+ cOSk)Sin KX — SiN k COSKX
sink

ap’ -
Py

Jz

27e

1

4

(1—cosk)(2— k SiNkX) — k SiN k COSKX
1—cosk

X (3.51

H2\.

The volumetric flow rate is
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boundary condition in detail. In this section we present the
general solutions for the spin/vorticity matching boundary

im O=— e K(lfcos") p’ }T/. condition,(1.22, corresponding to zero antisymmetric stress
s £ 2 2p sink gz 2 at fluid boundaries. The imposed boundary conditions for
(3.52 this section are then
C. Nonzero-spin-viscosity solution  (spin /vorticity 1,(00=0, v,(1)=V, (3.533
matching at boundaries )
As discussed in Sec. | A, there is still debate over the  ,(0)= 30,(0), w,(1)= 30,(1). (3.53b

correct boundary condition for the spin velocity. In the pre-
vious section we have studied the results for the spin—no-sliffhe resulting translational velocity field is

sink sinkX— (1+ cosk)(1—cosk X)
K Sink

X(1=X)7 dp’ (7= nm) 9p’
L T X

27m dz 27m Jz

v, (x)=—

sink sinkx+ (1—cosk)(1— 2X— coskX)

Kk Sink—[2(n— nm)! n] (1—cosk) ' (354

1((me=mm) ( moH?\~ 71— 7o
+5[ 7 (m)'°‘ ) ZV]

which is very similar t0(3.26), for the spin—no-slip boundary condition. The spin-velocity for this flow is

~ (e Nm) 9P’ ~ (7= 7m) 7| (14 cosk)sinkx N
wy(X) = ———— — | 1—2x+ = : —COSKX | | — =V
Anm  dz 7( e Mm) sink 2

1 {(ne— Nm) (Mon)T n— nmsz(l—COSK)[(ﬂe/é) K SinkX— 2]+ k SNkl (7e/{)coskx— (/)]
= o

4 7 0 7 Kk SiNk—2[(n— 1y 7] (1—cosk)
(3.595
again very similar to the corresponding spin—no-slip boundary condition sol(8@).
The vorticity corresponding to this predicted translational velocity profile is
8.9 (1-2X)7 dp’ (=7 9P’ | Sink coskx—(1+cosk)sinkx| -
X)=—F———=— - - -
Y 29m gz 20m 4z sink
1((ne— 7m) [ moH?\~ 57— 77m2~ K Sink COSKkX— (1— CO)(2— k SINKX) 35
2 7 )0 ksink—[2(n— nm)/n](1—cosk) |’ (356
|
and the volumetric flow rate is matching solution possesses all the interesting limits of the
B spin—no-slip solution, with only minor changes in the coef-
~ n Jdp’ 7= m k(1+cosk) ficients in the resulting expressions. For these reasons and in
Q=- 129m 37 —6 s 2- sink the interest of brevity, we do not present these limits here.
-~
+aV. (357 |v. FORCE ON THE UPPER PLATE

The translational and spin-velocity profiles predicted us-  The force on the bounding plates has two components:
ing the spin/vorticity matching boundary condition on the (i) surface excess magnetic force due to rapid changes in

spin-velocity are qualitatively similar to those for the spin—magnetic properties at the wall—fluid interface, dngl vis-

no-slip solution, except that the spin-velocity is now nonzerocous traction. In general, both must be accounted for when
at the walls. Figures similar to Figs. 7—18 can be producedleriving expressions for the experimental force required to
for the spin/vorticity matching solution, but do not provide move a given section of a continuum-electromechanical sys-

any additional physical intuition. Finally, the spin/vorticity tem.
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A. Surface-excess magnetic force

. i Tlimtm g Ty, T 0| #olg
The surface-excess magnetic force at the wall—fluid in- Xz 2 5 7 27 0 0
terface may be conveniently obtained by evaluating the jump

in the “magnetic stress” tensdor “Maxwell stress”) across Nm (M= Mm)

the wall—fluid interface. Use of this mathematical artifice o 7

circumvents the need to know the exact distribution of mag-

netic fields in this region with rapidly varying magnetic % (1—cosk)

properties. The Maxwell stress applicable to incompressible K SiNk—2[(7e— 7m)/ 7¢] (1 cosk)
ferrofluid suspensions is given ¥y*

V|, (4.6)

TM=BH-— 3 uoH?l. (4.1
when the spin—no-slip boundary condition is used, and

=~ 14p’ - H?\.
Thezdirected surface-excess magnetic force per unit area ofi(x=1) = > L v 7792 ﬁm(%) 0
the upper plate,fz'v', is given by the jump in the Jz n n
xz-component of the Maxwell stress

Tm (1—cosk)

7 ksink—2[(7— 7y /7] (1—cosk)

B =Thx=d")-Tx=d")
=(BxH,)|x=q+ = (BxH,)|x=q-- 4.2 X

e~ nm(MoHZ)T 1
n V)0 g

2?/}, 4.7

. . . ._..when the spin/vorticity matching solution is used. Both are
Howev_er, the jump conditions on the_ magnetoquamstatuaependent on the spin viscosity throughin (3.28), as ex-
field with no surface current at=d require that the normal pected. They only differ in the last term of the right-hand
component ofB, B,, and the tangential component Hif, side of each expression

H,, be continuous across the wall—fluid interface, and there- Operating under conditions for whioh=nr for evenn,

fore, no surface-excess magnetic force results, both expressions become identical to the solution for zero-
spin-viscosity(4.5). Under conditions for whichc=nsr for

f¥=o0. (4.3  oddn, the viscous traction becomes
B. Viscous force - - 14dp’ H?\..
_ | o i=1=5 2 ﬁ(‘”’ )Io, 49
The viscous traction force is easily evaluated from the 2 gz 27m\ {Q

Cauchy stress(1.10, by integration over the fluid/wall
interface****The resulting viscous force per unit area on thewhen the spin-no-slip boundary condition is used, and
upper plate, in the-direction, is given by th&z component

of the Cauchy stress, - - 1dp" 1 ne 7ml|| moH?\~
) T D=3 T2y 7( m)"’
= o~ ne dv, ~ {m ~
T,,(Xx=1)= — —(x=1)+2—w,(x=1), 4.4 2
x( ) 7 d’i( ) " y( ) (4.9 +#(@> v, 4.9
(7e=mm) | 7

whereT,,=T,,/(nU/d). This expression is easily evaluated when the spin/vorticity matching boundary condition is used.
for the zero-spin-viscosity and nonzero-spin-viscosity solu-These two expressions differ fundamentally from each other
tions. The result for the zero-spin-viscosity solution is in their dependence on the velocity of the moving plate. The

spin—no-slip force under these conditions is independent of

the upper plate velocity, whereas the spin/vorticity match-

)TO} ing solution is not. These two expressions also differ from
the corresponding result for the zero-spin-viscosity solution

(4.5 of (4.5 for nonzero values of the effective viscosity. As

such, experiments witk=n with odd n could be used to

It is striking that this result predicts finite forces even whendiscern between the spin—no-slip and spin/vorticity matching

the magnetoviscosity,, is zero(for which infinite flow rates  boundary conditions.

are obtained from this solutipriThe corresponding result for Operating under conditions wherg,=0 we obtain for

the nonzero-spin-viscosity solution is the nonzero-spin-viscosity solution,

- ~ 14p’ -
Tolim1)= 5 o 2oy L

(Mon
0
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o 1p" 7o | moH?\~ Finally, suppose that the commonly accepted relation-
T, (x=1)= 5= + Z_e( Q ) lo ship for the vortex viscosity, equatid8.7), applies. Then we
Iz (ANS obtain for the viscous stress on the upper plate under the
, ) conditions described above {#.13,
3 7m e ’ )
5l 52 , - ~ 41+ (3/2 .
2\ ¢d?) ni+anne(n'I{d?) lim sz(x=1)=L2)d)](ﬂ—2 V. (415
MOHZ 7' 1£d% -0 3¢ nd
X a0 lo—2V|, (410  This last expression seems to indicate that the spin-viscosity

»' has to be proportional t@?, otherwise infinite forces
when the spin—no-slip boundary condition is used, and  would be required to move dilute suspensidimsthe limit
~ R ¢—0) of ferrofluid particles. This proportionality is not im-
3 (§:1)23£+£ poH |~ mediately obvious from dimensional analysis, which indi-
xz 2 5 29\ 0 )° cates thaty’ < L2, with L an intrinsic length scale of the
suspensioricommonlyassumedequal to the particle diam-
3/ 7
2\ {d?) {n+37i(n'1Ld?)

775 etel.
e :"‘*OH2 ~ ~
X[?( Ry )'0_2\’

V. DISCUSSION
, (4.1

The motivation of the analysis developed in this paper is

hen th invortici hina bound dition i dto model and design experiments to determine key param-
when the spin/vorticity matching boundary condition is Used gie 5 o previously reported anomalous forward and back-

Again, these two expressions differ from each other in thg,, 4 terrofiuid pumping behavior in alternating and rotating
last term of the right-hand side. , magnetic fields and zero-spin-viscosity analysis that pre-
If we consider an experiment where there is n0 pressurgjceq mylti-valued and singular flow solutions with possible
gradient ¢p'/9z=0), the zeroth-order body-couple is zero zero and negative effective spin magnetoviscosity. In this
(Ip=0), and »,=0 (all realizable experimental conditions paper we extend past models of plane-Poiseuille creeping
in principle), an experimenter neglecting the effects of spinflow of ferrofluids in alternating and rotating magnetic fields
diffusion, using(4.5), would expect that no force is required by including the effects of spin-diffusion and planar Couette
to move the plate. Howeve(4.10 clearly shows that non- flow. In the analysis we have calculated analytical expres-
zero spin viscosities result in a nonzero force of sions for the translational and spin-velocity profiles, vorticity
5 profiles, volumetric flow rate, and the shear force on a mov-
= -~ 37 Ne ~ ing duct surface comparing the effects of boundary condi-
Tix=1)= —| — | ———— "V, (4.12 i f ~spin-veloci o )
7\ ¢d?) (+dno(n'1{d?) ions of zero-spin-velocity and spin-velocity equal to half the
vorticity at the duct walls. This analysis shows that the single
if the spin—no-slip boundary condition applies at the fluid/singularity in flow behavior with zero effective magnetovis-

wall boundaries, and cosity for the zero-spin-viscosity analysis corresponds to
) ) multiple possible flow singularities for nonzero spin-

= ~ . "m e < viscosity. It is hoped that near-future experiments can deter-
T,(x=1)=3| — V, (4.13 > ; : 2 . )
£d?) En+352(n'1¢d?) mine if these mathematical singularities are physical and, if

so, design applications that exploit such high flow and spin
if the spin/vorticity matching boundary condition applies. velocities.

For small values of the spin-viscosity, both expressidhat Simple representative shearing experiments have been
for the spin—no-slip boundary condition and that for the spinjproposed to differentiate between the zero and nonzero-spin-
vorticity matching boundary conditigryield viscosity solutions, to calculate the values of key viscous

2 parameters, and to show how the wall boundary conditions
n can be determined from shear stress measurements. We be-
Ld? ' lieve that a set of such similar experiments can determine all

(4.14 needed physical parameters which can be compared to theo-

] ) ) ) ] ) retical values and scaling laws and hopefully to empirically

Using this expression, a series of experiments with ferrofluyatermine the correct boundary conditions of the spin-

ids of known vortex viscosity would providen' indepen- velocity at the duct walls.

dent of which boundary conditiqn applies at the ferrpﬂuid/ This analysis also shows the way to analyze ferrofluid

wall boundary. These experiments would consist offsys inside and outside solid rotating cylindrical walls and

measuring the required force to move the plate at varioug, the annulus between solid rotating walls, an extension we
given velocities undgr conditions of zero pressure gradua_nqeave to a future communication. Such geometries may be
zeroth-order magnetic couple and zero effective Viscositymqre appropriate to experimental measurements of ferrofluid

The results of these experiments, as a curvgd¥,,/375 Vs shear stress on rotating cylindrical spindles. Further exten-

V would give 7'/¢d? as the slope. sions of the planar and cylindrical analyses to nonuniform

- - 392 7'\
lim T (x=1)= ”e(”—2>v+o
77//g(jz_)O 7]§ gd
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